Assuming only that Ñares derive their energy from a coronal source and that Ñaring is the dominant mechanism for depleting that source, the global coronal response time (time for Ñares to remove available coronal energy) is about 9 months. A detailed model for dynamic energy balance in the solar corona over the solar cycle is presented to describe how the magnetic free energy in the solar corona varies in response to changes in the supply of energy to the system and to changes in the Ñaring rate. The model predicts that both the Ñaring rate and the free energy of the system should lag behind the driving of the system because of the coronal response time (the detailed model gives a lag of D11 months). This e †ect may account for hysteresis phenomena between certain solar activity indices. A speciÐc example is presented in support of the model. Analysis of time series of monthly sunspot numbers and monthly numbers of soft X-ray Ñares over the years 1976È1999 indicates a tendency for Ñare numbers to lag behind sunspot numbers by D6 months.
INTRODUCTION
The energy for solar Ñares is believed to derive from magnetic Ðelds in the solar corona. The largest Ñares appear to have an energy budget of greater than 1032 ergs or possibly even 1033 ergs (Hudson 1991 ; Kane et al. 1995) , implying the release of a substantial fraction of the available magnetic energy above a large active region on the Sun. Flares occur more frequently near the maxima of the 11 yr solar activity cycle, presumably both because there are more active regions on the Sun and because the individual active regions tend to be more Ñare-producing (Sammis, Tang, & Zirin 2000) .
Studies of the relationship between di †erent coronal activity indices during the solar cycle may provide evidence about the storage of energy in the corona. Bachmann & White (1994) showed that smoothed time series of upper chromospheric activity indices exhibit hysteresis when compared with the international sunspot number. SpeciÐcally, the chromospheric indices were shown to lag behind sunspot numbers by one month to several months, depending on the index. This was interpreted in terms of active regions evolving from the photosphere upward. Recently, & Antalova (2001a , 2001b extended this O zgu cÓ , AtacÓ , analysis to include the variation of an Ha Ñare index, as well as other coronal activity indices, over three solar cycles (20, 21, and 22) . They found that the hysteresis e †ects are irregular over the three cycles. A lag between solar cycle indices and Ñare occurrence has also been noted for hard X-ray Ñares observed during cycle 21 (Bai 1993 ; Bromund, McTiernan, & Kane 1995) .
In this paper the dynamic energy balance in the Ñaring solar corona is investigated. Assuming only that Ñares are powered by a coronal energy source and are the dominant mechanism for depleting this source, a characteristic coronal response time (time to deplete the available free energy) is estimated. A detailed model describing the solar cycle variation in the free energy in the corona available for Ñaring is also investigated. The model is partly phenomenological, in that it relies on the observed statistics of Ñare occurrence, assumes a periodic variation in the supply of energy to the system with the observed period of the solar cycle, and assumes that the rate of Ñare occurrence increases with the storage of energy in the corona. Nevertheless, the model makes new predictions. In particular, it predicts that the free energy in the corona should lag behind the variation in the energy supply rate over the course of a solar cycle because of the coronal response time. It is argued that this e †ect may account for the observed hysteresis between the sunspot number (which is a proxy for the energy supply rate to the corona) and Ñare occurrence.
The order of presentation is as follows. In°2 the coronal response time is estimated, and then the detailed model for coronal energy balance is presented, together with the assumptions involved. The model predictions are described for parameters appropriate for the solar corona. In°3 the hysteresis e †ect between sunspot numbers and Ñare numbers is demonstrated, based on Geostationary Operational Environmental Satellite (GOES) soft X-ray Ñares. The time lag between these activity indices is shown to be qualitatively consistent with the predictions of the model. Finally, in°4 conclusions and directions for future work are presented.
DESCRIPTION OF THE MODEL

A Response T ime for the Flaring Corona
Before presenting a detailed model for energy balance in the Ñaring solar corona, a more fundamental result is established that is important to the later model. Subject only to the assumptions that Ñares derive their energy from a source in the corona and that Ñares are the dominant mechanism for depleting that source, there is a characteristic timescale for Ñares to reduce the available free energy. This timescale is referred to as the response time for the Ñaring corona.
The observed frequency-energy distribution for Ñares is a power law that can be written
where c B 1.5 (Crosby, Aschwanden, & Dennis 1993 ) and j 0 is the rate of Ñaring (the number of Ñares per unit of time) above a threshold observing energy
The total rate of E 0 . loss of energy in Ñaring r is given by the integral of EN(E). Because the index c is less than 2, there must be a maximum Ñare energy and hence we obtain E max ,
where we assume c \ 1.5 for simplicity. Next, assume that there is an amount of free energy W available for Ñaring in the corona. The timescale for Ñares to get rid of this free energy is *t \ W/r. It is reasonable to assume that the free energy is comparable to the size of the largest Ñares, and then using equation (2) for r, W B E max , we have
The denominator of equation (3) is essentially the coefficient of the power law in equation (1) and so does not depend on the choice of the cuto † In any case, it is straightforward E 0 . to estimate the size of the response time *t as follows. Based on the size of the largest Ñares, we take ergs. In E max \ 1033 a recent study, Wheatland (2000) found a characteristic Ñaring rate s~1 for GOES soft X-ray Ñares j 0 \ 4.3 ] 10~5 above C1 class, averaged over three solar cycles. For a threshold energy corresponding to the C1 class Ñares we take ergs (Hudson 1991) . With these numbers we E 0 \ 1027 obtain *t \ 8.8 months.
A Model for Dynamic Energy Balance
Next, we investigate a detailed model for dynamic energy balance in the corona. Such a model is needed because the Ñaring rate di †ers by more than a factor of 10 over the j 0 course of the solar cycle (Wheatland 2000) .
Consider the system of Ñare-producing active regions present on the Sun at a given time. The magnetic free energy present in the corona and available for Ñaring is assumed to vary stochastically in response to changes in the rate of supply of energy to the system and in response to Ñare occurrence. It follows that the expected value of the magnetic free energy in the corona W \ W (t) satisÐes a continuity equation,
where v \ v(t) is the expected value of the rate of energy supply to the system and r \ r(t) is the expected value of the rate of energy loss in Ñaring. If we take as our estimate of r the phenomenological total energy loss rate (eq. [2]), then we obtain
Equation (5) was previously derived in Litvinenko & Wheatland (2001) using a more rigorous probabilitybalance formalism (Wheatland & Glukhov 1998) . The preceding derivation is a simpler justiÐcation of the energy-balance equation.
The time-dependent terms on the right-hand side of equation (5) are the driving rate v, the free energy W , and the Ñaring rate An increase in the free magnetic energy j 0 .
presumably corresponds to an increase in the extent and strength of coronal magnetic Ðelds. It is reasonable to assume that this leads to an increase in the Ñaring rate, because there are more Ñaring sites and/or because individual Ñare sites have greater free energy (Sammis et al. 2000) . The simplest assumption is that the Ñaring rate is directly proportional to the free energy,
where is the rate of Ñaring corresponding to the characj 6 0 teristic free energy W1 .
If we introduce a characteristic timescale T , then equation (5), together with equation (6), can be written
where q \ t/T , and (7) describes how the free energy of the system adjusts to di †erent driving rates v(q). A signiÐcant feature of this equation is that if the driving rate falls to zero the free energy remains nonzero for a certain time, namely the time required for Ñares to get rid of the accumulated free energy. It is easy to conÐrm that this time is consistent with the response time identiÐed in°2.1. Setting v \ 0 in equation (7), replacing the derivative dw/dq by [w/*q, and assuming that the system starts with its characteristic energy (so that w \ 1), we obtain the response time for the present model
From the deÐnition of a, it is clear that equation (8) is consistent with the earlier estimate (eq.
[3]). The solar cycle must involve a periodic secular variation in the rate of supply of magnetic energy to the corona. To a Ðrst approximation this variation can be represented by the form
where yr. For simplicity we assume that the T cyc B 11 driving rate goes to zero at the minima of the cycle. If we take i.e., scale time to the solar cycle period, equa-T \ T cyc , tion (7), together with equation (9), becomes
where
and
Equations (9) and (10), together with the deÐnitions for a and b, constitute our model for the energy balance in the Ñaring solar corona. Equation (12) indicates that b is roughly the ratio of the total energy supplied over a solar cycle to the characteristic value of the free energy in the corona. Equation (11) may be rewritten and, using equation (2) a \ j 6 0 E 0 1@2 W1 1@2T cyc /W1 , and the deÐnition of (eq.
[6]), we recognize that a is j 6 0 roughly the ratio of the total energy dissipated in Ñares over a solar cycle to the characteristic free energy in the corona. From these arguments it follows that a D b (to order of magnitude).
To estimate the values of a and b in the solar case, we adopt the value ergs (consistent with the largest W1 \ 1033 Vol. 557
mates of the total energy dissipation rate in Ñares (Hudson 1991) . For the characteristic Ñaring rate we again use the j 6 0 rate 4.3 ] 10~5 s~1 found by Wheatland (2000) for GOES Ñares above C1 class, corresponding to a threshold energy ergs (Hudson 1991) . With these numbers we E 0 \ 1027 obtain a \ 14.9 and b \ 6.94. It is worth restating that the expected response time is months. *t \ T cyc \ 8.8
2.3. T he Numerical Solution It does not seem possible to Ðnd an exact analytic solution to equation (10) because of the nonlinear term Dw3@2. An approximate analytic solution, together with some general analytical results, is presented in the Appendix to this paper. The solution shows that the free energy in the system should oscillate with the driving frequency, but with a time lag with respect to the driving. The time lag is essentially the response time of the system, given by equations (3) or (8).
It is straightforward to solve equation (10) numerically, and the solutions conÐrm the analytic results given in the Appendix. Figure 1 shows the solution for the nominal values a \ 14.9 and b \ 6.9, with the initial condition w(0) \ 0. The upper panel shows the driving rate e(q)/e 0 (solid curve), together with the response w(q) (dashed curve). After initial transient behavior, the free energy is seen to vary at the driving frequency, but with a time delay with respect to the driving. Because of the assumption expressed in equation (6), the Ñaring rate varies with w(q) and so is also delayed with respect to v(q). The lower panel shows the cross-correlation of v(q) and w(q). The time delay between the driving and response shows up as a peak in the cross- correlation at a lag of 0.08 cycles. The dashed vertical line in the lower panel shows the lag dq \ 0.067 predicted by equation (A11) in the Appendix, based on an approximate, perturbative solution. The approximate analytic solution is seen to provide a reasonable estimate for the lag between driving and response for this choice of a and b.
For solar parameters, the model predicts that both the free magnetic energy in the corona and the Ñaring rate should lag behind the variation of the energy supply rate by months. This prediction is observationally B0.08T cyc \ 11 testable, if a proxy for the energy supply rate can be found. In°3 we consider the relative variation of the sunspot number and Ñare occurrence. The sunspot number is a measure of the number of sunspots and sunspot groups visible on the Sun. Energy supply to the corona presumably occurs via the emergence of new Ñux or by photospheric stressing of coronal Ðelds. In either case, it is expected that the energy supply rate will be large when magnetic Ðelds at the photosphere are large and hence when the sunspot number is large. In this way, the sunspot number may provide a suitable proxy for the energy supply rate to the corona.
DATA ANALYSIS
We consider the monthly sunspot numbers provided by the National Geophysical Data Center (NGDC) for the years 1976È1999, a period of time which encompasses cycles 21 and 22 and the rising phase of cycle 23. The upper panel in Figure 2 shows the sunspot numbers as the solid histogram. For Ñare numbers we use the monthly numbers of soft X-ray Ñares of greater than C1 class (peak Ñux greater than 10~6 W m~2 at the Earth) observed by the 1È8 A detectors. These data are also provided by the NGDC. The restriction to Ñares above a certain size is intended to provide a crude correction for variations in the soft X-ray background over the solar cycle and hence for variations in the detection threshold for Ñares. Figure 2 shows the resulting Ñare numbers (top panel, dashed histogram). It is apparent to the eye that the Ñare numbers tend to peak after the sunspot numbers, as was pointed out by Bai (1993) and Bromund et al. (1995) based on hard X-ray observations. The lower panel shows the cross-correlation of the two time series as a function of lag in months. This shows a sharp peak at zero lag, as well as a broad peak centered around 6 months. The peak at zero may be attributable to large, very Ñare-productive active regions, which contribute simultaneously to sunspot and Ñare numbers. When the time series of sunspots and Ñares are smoothed before correlation, this peak is removed. The broad peak around 6 months may represent the e †ect predicted by our model, namely that the time series of Ñare occurrence lags behind the variation in the rate of driving of the system. The size of the lag (D6 months) is comparable with the prediction of the model (D11 months).
DISCUSSION
It is generally assumed that Ñares are powered by a source of energy in the corona. Subject only to that assumption and to the additional assumption that Ñares are the dominant mechanism for depleting the coronal energy source, the coronal "" response time ÏÏ for removal of energy available for Ñaring has been shown to be about 9 months. A detailed model for the variation in available Ñare energy in the corona over the solar cycle has also been presented. This model involves the additional assumption that the Ñare rate increases with the stored energy in the corona. It makes the speciÐc prediction that the available energy in the corona (and the Ñare rate) should vary cyclically with the rate of energy supply to the corona, but with a time lag with respect to the variation in energy supply. The predicted time lag is essentially the coronal response time. Evidence for such an e †ect in solar data is presented, namely, that the numbers of soft X-ray Ñares over the years 1976È 1999 tend to lag behind the sunspot numbers. This e †ect may be equivalent to the previously noted hysteresis phenomena between the sunspot number and Ñare indices (O zgu cÓ et al. 2001a, 2001b) , although it seems likely that the dynamics of active-region evolution contributes to hysteresis e †ects between sunspot numbers and chromospheric activity indices (Bachmann & White 1994) .
The lag predicted by the detailed model (D11 months) is somewhat larger than the observed lag between sunspot and Ñare numbers (D6 months). However, there are uncertainties in both the model and the data. The values of the parameters a and b adopted in the model are likely to be reliable only to an order of magnitude (see°2.1). Regarding the data, the sunspot numbers may not provide an exact proxy for the rate of energy supply to the corona. Also, the observational determination of the lag between sunspot and Ñare numbers is somewhat uncertain : the cross-correlation of the two time series reveals a broad peak centered around 6 months (Fig. 2, bottom panel) . Subject to these caveats, the observations appear to provide at least a qualitative conÐr-mation of the model prediction.
Many aspects of the model can be further developed. The quantity W represents the expected value of the energy available for Ñaring. Flaring (and possibly energy supply) are stochastic processes, and the actual coronal free energy will Ñuctuate about this expected value. The Ñuctuation may be estimated by taking a higher order moment of the probability-balance equation (Litvinenko & Wheatland 2001) , or else by Monte Carlo simulations. It is possible that stochastic variation in the available energy accounts for the observed irregularity in the hysteresis between sunspots and the Ha Ñare index et al. 2001a, 2001b) . The model (O zgu cÓ also assumes a simple proportionality between W and the Ñaring rate (eq. [6]), under the assumption that Ñaring should increase with the available free energy. It is interesting to investigate whether more general assumptions, such as (see eq.
[A1]), could give a better j 0 W 1@2 P W l agreement with observations. Ideally, l should be determined from Ðrst principles for di †erent Ñaring models. It is possible that predictions of the resulting equations for W may be tested against observations to discriminate between Ñare models. Finally, in this paper the rate of energy supply to corona has been assumed to vary harmonically. It is worthwhile to consider the response of the model to stochastic driving, because the solar cycle involves a stochastic component.
The model presented in this paper is partly phenomenological and represents a Ðrst step toward understanding the global energy balance in the Ñaring solar corona. A comprehensive model requires detailed physical descriptions of the process(es) of energy supply to the corona and of the dissipative mechanism at work in a Ñare. It is possible that results obtained with phenomenological models may suggest new ways to attack the underlying physical problems.
The authors thank the anonymous referee, whose constructive suggestions considerably improved the presentation of the ideas in this paper. This work was partly supported by NSF grant ATM 98-13933 and NASA grant NAG 5-7792. APPENDIX SOME ANALYTICAL RESULTS As stated above, it does not seem possible to Ðnd an exact analytic solution to equation (10) because of the nonlinear term Dw3@2. Several interesting analytical results can be obtained, however. We note that both the energy supply rate v(t) and the functional dependence between and W can be more complicated than those assumed above. Hence, it is useful to consider j 0 the more general equation
where the driving term f (q) º 0. The same equation describes particle motion under the inÑuence of an external force and a velocity-dependent friction force. Because the magnetic energy in the corona should always remain positive, it is important to determine whether w(q) [ 0 in our model. Assume that, on the contrary, at and w \ 0 at Multiplying both sides of equation (A1)
. by w and integrating from to leads to
As long as l º 1, the integral on the left can be made negligible by making small enough, leading to contradiction. (q 2 [q 1 ) Thus, l º 1 is a sufficient condition for w(q) to remain positive.
Let us now assume that the driving term is periodic : f (q]n) \ f (q). It is physically reasonable to expect the resulting free energy and Ñaring rate to be periodic as well. This is indeed so in the linear case l \ 1, when the corresponding linear ordinary di †erential equation can be easily solved. For the particular case f \ sin2 (nq), the asymptotic solution (q ? a~1) is
and dq lin \ (1/2n) tan~1 (2n/a) .
Equation (A3) shows that the free energy in the system oscillates with the same frequency as the driving function f, but with the lag For large a the lag is and, comparing this result with equation (8), we see that in the linear case (for dq lin . dq lin B a~1, large a) the lag is exactly the characteristic response time of the system. Periodic solutions also exist for l \ 2. In this case, equation (A1) is the Riccati equation (Ince 1956 ), which can be transformed into the Mathieu equation,
by the substitution w \ u@/(au). We expect the solutions for an arbitrary l (in particular for l \ 3/2) to be qualitatively similar to those of the linear equation with l \ 1. Indeed, for an arbitrary l an approximate solution can be obtained using a perturbative approach. We assume
where the time-averaged value is deÐned as SwlT \ b/(2a) when f \ sin2 (nq). The perturbation dw(t) satisÐes to a Ðrst order 
which obviously reduces to the correct linear result if l \ 1. It is worth stressing that we expect a D b on physical grounds dq lin (see°2.2). Hence, the derived analytic expression for dq is consistent with the earlier estimate given by equations (3) and (8).
The speciÐc model of°2 corresponds to the case l \ 3/2, when the time lag is dq B (4/3b)(b/2a)2@3 B 0.067 (A11)
for the assumed values a \ 14.9 and b \ 6.9.
